
 
Dotproductlengthianddistance

We previouslydefined the length of a vector in IR or IR
We can generalize this to any vector in IR

Def If I is a vector in IR the length of F is

11511 fix.IxT fix

A vector of length 1 is called a unitve ctor If 1151 0

then 1 I is a unit vector

Just like withvectors in IR we have the following properties

1151120 and 11511 0 if and only if 5 8

HatH lat11TH for all scalars a

All the same properties of dot product holdas well
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Example If 11511 5 1151 2 and x y I what is
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First we calculate 115512
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Recall that if I and I are vectors in 1123 then

ii v HillHill cost

since Icosote1 for any angle this gives

ii Helliwell
This inequalityholds moregenerally for vectors in IR

Cauchylneqity If I 5 are vectors in IR then

II 514151111511

Moreover 15.51 115111511 if and only if one is a scalar

multiple of the other

We can combine the Cauchy inequality with theequalityfrom
the above example to get
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so 115 5 12 E 11511 11511 Taking square roots gives us

Thetriangleinequality If I and I are vectors in IR then
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Geometrically The length of one side of
a triangle is shorter than the sum of

y the lengths of the other two sides

We defined the distance between two vectors in 1123 to

be the length of their difference We have the same def
in IRh

Def If I and I are vectors in IR then the distance
d 5,5 between ni and 5 is
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All of the intuitive properties hold

Rw d If I j I are vectors in IR we have
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Property 4 is just the triangle inequality
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Orthogonal
we can also define orthogonality for Vectors in IR using
the dot product

Def
1 If I and I are in IR they are orthogonal if
I 5 0

2 More generally a set I I xj of nonzero vectors

is an orthogonalset if every pair is orthogonal
i e XT Ig 0 for every i and j

3 Ii Ia In is orthonormal if it is orthogonal
and each Ii is a unit vector i.e has length 1

Ex The standard basis is orthonormal



Ex If Ii Io In is an orthogonal set of vectors then

GET.FI fITu3

is orthonormal This is called normalizing an orthogonal

set

Ex If I Ja I then

F I O T J O Tz Tz 0 so T Ja VT is

orthogonal

11TH 2 11 11 52 HEH R2 so to normalize we

take
IT I Is which is orthonormal

If we know vectors are orthogonal what can we

say about the length of their sum In 1122
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yfor F and J orthogonal 5by The Pythagorean Theorem

This generalizes to an orthogonal set in IR



Pythagoras If I I is an orthogonal

set in IR then

III It Idf HIN'tHIN't 11 112

Why
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theorem Every orthogonal set in IR is linearly
independent

Thus if U is the span of an orthogonal set then the

orthogonal set forms a basis for U called an

ortasis

The nice thing about orthogonal bases is that if
we want to write a vector as a linear combination of
the basis vectors there is an explicit formula for the
coefficients

E If Ii Im is an orthogonal basis

for U a subspace of IRh and J is any vector in U



Then

off hit i ti Hxi
Notice that this looks like the sum of the projections of

J onto each Ii

This is called the Fourierexpansion of J and the

coefficients are the Fouriercoeff icients
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is an orthogonal basis for
1123 since

I Iz O I 53 0 and XT Is 0

In order to write J Iz as a linear comb

of I Is we first find the Fourier coefficients
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so I I YIz t Is
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